In the framework of WZW-like open superstring field theory (SSFT) including the Ramond (R) sector whose action was constructed by Kunitomo and Okawa, we truncate the string fields in both the Neveu-Schwarz (NS) and R sectors up to the lowest massless level and obtain the ten-dimensional super Yang-Mills (SYM) action with bosonic extra term by explicit calculation of the SSFT action.
Introduction
It is expected that open superstring theory describes super Yang-Mills theory at low energy. Some time ago, Berkovits and Schnabl [1] showed that the Yang-Mills action is derived from Berkovits' WessZumino-Witten (WZW)-like action for open superstring field theory [2] in the Neveu-Schwarz (NS) sector. Recently, Kunitomo and Okawa have constructed a complete action for open superstring field theory including the Ramond (R) sector as an extension of the WZW-like action [3] . Therefore, it is natural to expect that the ten-dimensional super Yang-Mills (SYM) action can be derived from it. Furthermore, an explicit formula for spacetime supersymmetry transformation in terms of string fields has been proposed in Refs. [4, 5] and hence we can compare the induced transformation of the component fields and the conventional supersymmetry transformation of SYM.
As a first step toward the above issue, we adopt the level truncation method at the lowest level, which corresponds to the massless component fields due to the GSO projection. We perform explicit calculations in the superstring field theory in both NS and R sectors and obtain the SYM action with extra bosonic term, O(A 4 µ ), in terms of the component fields [6] . We compute a contribution to the effective action of massless fields from the massive part of string fields in the zero-momentum sector, up to lowest order with respect to the coupling constant, and find that the extra O(A 4 µ ) is canceled 3 and, instead, an extra fermionic term, O(λ 4α ), appears in the order of (α ′ ) 1 , which can be interpreted as a string correction to SYM.
We also derive the induced gauge and supersymmetry transformations up to nonzero lowest order and find that the resulting formulas are consistent with those of the conventional SYM. The organization of this paper is as follows. In the next section, we briefly review the action of open superstring field theory in terms of Kunitomo and Okawa's formulation. In Sect. 3, we derive the explicit form of the level-truncated action at the lowest level. In Sect. 4, we evaluate the contribution from the massive part. In Sect. 5, we find the induced transformations from those of the superstring field theory.
In Sect. 6, we give some concluding remarks. In the appendix we summarize our convention on spin fields, which is necessary for explicit computations.
A brief review of a WZW-like action for open superstring field theory including the R sector
Let us first review Kunitomo and Okawa's action [3] for open superstring field theory (SSFT).
As an extension of Berkovits' WZW-like action in the NS sector, Kunitomo and Okawa proposed a
complete action for open superstring field theory including the R sector as follows:
1)
2)
The action is a functional of string fields: Φ and Ψ. , and , are the BPZ inner product in the large and small Hilbert space, respectively. Q is the BRST operator and η is the zeromode of η(z) : η =¸d z 2πi η(z). We use the relation of the superconformal ghosts between (β, γ) and (ξ, η, φ) as β(z) = ∂ξe −φ (z) and γ(z) = e φ η(z). Φ is a Grassmann even string field in the NS sector, whose ghost number (n gh ) and picture number (n pic ) are both zero, and expanded by the states in the large Hilbert space. A t (t), A η (t), and F (t) are defined by 6) where Ξ = Θ(β 0 ), the Heaviside step function of β 0 . 4 Ψ is a Grassmann odd string field in the R sector with (n gh , n pic ) = (1, −1/2), and it is expanded by the states in the restricted small Hilbert space.
Namely, the conditions for the R string field are
X and Y are kinds of picture-changing operators with the picture number 1 and −1, respectively:
where XY X = X and Y XY = Y hold and therefore XY gives a projector: (XY ) 2 = XY .
In the following, we consider SSFT on the N BPS D9-branes in the flat ten-dimensional spacetime, and hence the string fields have the Chan-Paton factors implicitly and the GSO projection is imposed on the string fields.
Gauge transformation The action in Eq. (2.1) is invariant under the following infinitesimal gauge transformations:
10) 11) where F = F (t = 1), 12) and the gauge parameter λ in the R sector is in the restricted small Hilbert space, namely,
Λ and Ω are gauge parameters in the NS sector in the large Hilbert space.
Equation of motion
Taking the variation of the action in Eq. (2.1) with respect to the string fields, Φ and Ψ, we have the equations of motion as follows:
The second equation is consistent with the condition for Ψ, which is in the restricted small Hilbert space. 4 In Ref. [7] , a better expression for Ξ has been proposed.
Spacetime supersymmetry In the ten-dimensional Minkowski spacetime, the SSFT action in Eq. (2.1) is invariant under the spacetime supersymmetry transformation, which is given by [4] :
where S is a derivation with respect to the star product of string fields and is given by a constant Weyl spinor ǫα and the spin field with n pic = −1/2 :
We use a bosonized formulation of spin fields as in the appendix for the following explicit computation.
3 Level truncation of string fields in the NS and R sectors
Here, we evaluate the SSFT action in Eq. (2.1) using the level truncation method explicitly. We define the level of string fields as the eigenvalue of L 0 = {Q, b 0 }, except for a contribution from momentum. We expand the string fields with component fields up to the lowest level in both NS and R sectors.
Level-truncated action in the NS sector
In the NS sector, we expand a string field Φ with (n gh , n pic ) = (0, 0) in the large Hilbert space. The
which corresponds to the tachyon, but it is excluded by the GSO projection of Eq. (A.5). The lowest-level states on the GSO projected space are
2) which correspond to the massless level. The first one can be eliminated by the Ω-gauge transformation in Eq. (2.10), which can be rewritten as e −Φ δ g(Ω) e Φ = η(e −Φ Ωe Φ ) and has an expression for finite transformation: e Φ ′ = e Φ g with ηg = 0, because it can be rewritten as e ik·X (0)|0 = η ξe ik·X (0)|0 .
In the following, we take into account only the other two states and their component fields as a leveltruncated string field Φ 0 in the NS sector. Namely, we use a partial gauge-fixing condition, ξ 0 Φ = 0.
After Ref.
[1], we use the notation
3)
where A µ (k) and B(k) are the Fourier modes of component bosonic fields in the ten-dimensional spacetime. 5 Another form of supersymmetry transformation has been proposed in Ref. [5] . The difference does not matter in our paper because we compute only the linearized one in Eq. (5.20).
The NS action in Eq. (2.2), which is the same as Berkovits' WZW-like action, can be expanded as
and we truncate the string field Φ in the NS sector to the sum of Eqs. (3.3) and (3.4):
Using the BRST transformations
on the real axis, where Q =¸d
we can evaluate the kinetic term
For the interaction terms, we use the explicit form of the conformal maps, which defines the n-string term. Namely, for
with the map from the upper half-plane to the unit disk: h(z) = 1+iz 1−iz . The normalization of the large Hilbert space is given by
In particular, with respect to the φ-charge, the terms such as Φ n−2 ηΦ QΦ are linear combinations of
QΦ B ∼ e −φ , 1, which imply that the higher-order interaction terms, O(Φ 5 ) in Eq. (3.5), vanish for
where the trace is taken over the indices of the Chan-Paton factors, T a ; A µ (x) and B(x) are given by
andÃ µ is defined asÃ
We note that the reality condition for the NS string field, bpz
, implies the (anti-)Hermiticity of the component fields:
Integrating out the scalar component field B(x) in Eq. (3.11), 6 or using the equation of motion for B, B = −i α ′ /2 ∂ µ A µ , and taking the small-momentum limit:
we have
14)
The first line on the right-hand side corresponds to the ordinary Yang-Mills action and the second line is the difference from it. Actually, it is known that the difference is canceled by the contribution from massive component fields [1] .
Level-truncated action including the R string field
In the R sector, the string field Ψ, which has (n gh , n pic ) = (1, −1/2), is in the restricted small Hilbert space. The lowest-level states are given by spin fields with (−1/2)-picture:
where α andα are spinor indices with 16 components, and they correspond to the massless level. By the GSO projection in Eq. (A.5), only the state with the dotted spinor remains in our convention. Hence, we expand the level-truncated string field Ψ 0 as
where λα(k) is the Fourier mode of a fermionic component field, which is the Weyl spinor in the tendimensional spacetime. This string field Ψ 0 is Grassmann odd, and we find that it is indeed in the restricted small Hilbert space: ηΨ 0 = 0 and XY Ψ 0 = Ψ 0 .
Similarly to the NS sector, we derive an explicit expression of the action including the R string field in terms of the component fields. The action in Eq. (2.3) is expanded as
and we truncate the string fields up to the lowest level: the NS string field Φ to Φ 0 = Φ A + Φ B and the R string field Ψ to Ψ 0 given in Eq. (3.16).
The kinetic term in the R sector is evaluated using the normalization of the small Hilbert space: 
on the real axis, we have
where
For the cubic interaction term, we find Φ B , Ψ 2 0 = 0 by counting the number of c ghosts. With a similar manipulation to the NS sector, the remaining term is evaluated as , for the small-momentum limit
The above form of S R [Φ 0 , Ψ 0 ] just corresponds to the gaugino term of the ten-dimensional SYM action.
Contribution from the massive part
Here, we consider a contribution to the effective action of massless fields, A µ andλ α , obtained in the previous section, from the massive part of string fields, Φ and Ψ, in the same way as Ref. [1] . The SSFT action with the coupling constant g, which is obtained by replacing g −2 S[gΦ, gΨ] using Eq. (2.1) with
In this section, we concentrate on the zero-momentum sector, and then the level-truncated string fields, Φ 0 , Ψ 0 , satisfy QηΦ 0 = 0, QΨ 0 = 0 because of Eqs. (5.17) and (5.18) with B = −i α ′ /2 ∂ µ A µ . We also note that Φ 0 satisfies ξ 0 ηΦ 0 = Φ 0 , namely, the partial gauge-fixing condition. Around the massless part of the string fields, Φ 0 , Ψ 0 , we expand the string fields Φ, Ψ as Φ 0 + R, Ψ 0 + S, where R and S are the massive part in the NS and R sector respectively, and we have
from Eq. (4.1). Here, (+ · · · ) denotes the higher-order terms in g when R and S are assumed to be O(g).
Varying the above with respect to the massive part, we have equations of motion
and these can be solved by using the propagators in Ref. [9] as 4) up to lowest order in g, where R s satisfies the partial gauge-fixing condition:
Expanding the massive part of string fields around Eq. (4.4) as R = R ′ + R s , S = S ′ + S s , we have
where linear terms with respect to R ′ and S ′ vanish and therefore the massive part decouples from the massless part. The second line on the right-hand side gives a contribution to the effective action of the massless fields, which can be computed as
In the computation for the term including S s , we manipulated X as in Ref. [9] . Namely, we rewrote it as
where the first term of the last expression vanishes due to the number of c-ghosts and the normalization in Eq. (3.10).
The first term of the right-hand side of Eq. (4.6) has been evaluated in Ref. [1] : 
because of Eq. (3.10), noting that V
. The second term of Eq. (4.6) can be evaluated, in a similar way to Eq. (4.8), as
where a is given in Eq. (4.9) and U 3 is given in Refs. [10, 11] , which corresponds to the conformal map tan 2 3 arctan z . For the bc-ghost sector, we have
with the normalization 0|c −1 c 0 c 1 |0 = 1. As for the φ-ghost and the spin field sector, we note that
7 The last expression is consistent with the formula in Ref. [12] using the Fierz identity:
where z pq = z p − z q , and it leads to
With the above and Eq. (4.12), Eq. (4.11) is rewritten as
However, the last expression includes the divergent integration´∞ 0 dt 1, which can be interpreted as a contribution from the massless part (L 0 = 0) in the integration
In deriving the equations of motion for the massive part, Eq. (4.3), we should multiply a projection P, which subtracts the massless part, on the right-hand side, and this implies that we should replace
L0 P in the above. Namely, inserting the projection, we can subtract the divergent term as
where we have used Eqs. (4.9) and (3.25).
Eventually, including a contribution from the massive part to the massless effective action in both NS and R sectors, Eqs. (3.14) and (3.24), we have
where the first line is the same as the action of ten-dimensional SYM and the second line can be regarded as an α ′ -correction due to a superstring.
Concerning the α ′ -correction, we comment on the term of the form
, which was investigated in Refs. [13, 14] . In this section, we have included only the zero-momentum sector for contributions from the massive part, and then if the above term exists, it should appear in the form
, which is a higher order in g than Eq. (4.19). In this sense, it is necessary to perform further computations including the nonzero-momentum sector or higher-order terms in g in order to compare the action from SSFT with the non-Abelian Born-Infeld action [15] .
Induced transformations at the lowest order
Here, we derive the gauge and spacetime supersymmetry transformations for massless component fields from those of string fields given in Refs. [3, 4, 5] . We perform explicit computations up to the lowest order for simplicity.
Gauge transformation
The linearized version of Eqs. (2.10) and (2.11) is given by
At the massless level, we have
for the gauge transformation parameter string fields in the NS sector, Λ and Ω, and we have no states for λ-gauge transformation in the R sector at this level. In order to respect the partial gauge-fixing condition ξ 0 Φ = 0, we take the gauge parameter as ω(k) = ε(k) = ε a (k)T a and we have
Then, from the linearized gauge transformation at the massless level,
we have obtained the induced transformation for component fields:
For the gaugino fieldλ α (x), the transformation is trivial: δ (0) ελ α = 0 at the linearized level. In order to get a nontrivial transformation, we should include the interaction term of SSFT in the gauge transformation. Expanding Eq. (2.11) as
we define δ
(1)
Since the star product of Ψ 0 and Λ ε has (n gh , n pic ) = (0, −1/2) and its φ-charge is −5/2, we expand as
at the massless level, where 9) which satisfy the normalization
Using the relations
we have obtained 14) and hence the induced gauge transformation of the component field is At the massless level, we have
Supersymmetry transformation at the linearized level
which imply that the induced linearized equations of motion are At the massless level, the first transformation is computed as
where Ω 0 ≡ ξ 0 S(Ξ − ξ 0 )Ψ 0 is a kind of Ω-gauge transformation in Eq. (2.10). Then, up to Ω-gauge transformation, the induced linearized transformations of bosonic component fields are obtained: 
This implies that the induced linearized transformation of the fermionic component field is given by 
Concluding remarks
In this paper, we have truncated the string fields in both NS and R sectors in the framework of Kunitomo and Okawa's SSFT up to the lowest level (massless level) and, by evaluating the action explicitly in terms of the component fields, we have obtained the ten-dimensional SYM action plus an extra O(A 4 µ ) term. We have also investigated a contribution from the massive part in the lowest order in g in the zero-momentum sector and observed that the extra O(A 4 µ ) cancels in the NS sector and instead an extra O(λ 4α ) appears from the R sector, which can be interpreted as α ′ -correction. 8 We have derived the gauge transformation and the spacetime supersymmetry transformation for the massless component fields induced from those of string fields at the lowest order. Our explicit calculation implies that the lowest-level truncation of Kunitomo and Okawa's SSFT action is consistent with the ten-dimensional SYM theory. We have some remaining issues. At the present stage, we have no explicit formula for the reality condition of the string fields including the R sector. We expect that the Majorana condition for the massless component field in the R sector,λ The GSO (+) projection can be expressed as
The spin fields with n pic = ±1/2 are expressed as
Then, we have
In the same way as the linear combination of the bosonization, Eqs. (A.1) and (A.2), we define Using the above equations, we find 
Here, we should note that the correspondence of the spinor index is α ↔ A = (±1/2, ±1/2, ±1/2, ±1/2, ±1/2) = we have the OPE: ψ µ (y)Sα (r) (z) ∼ (y − z)
